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Abstract. For any maximal coaction {A,G,S) and any closed normal sub- 
group A' of G, there exists an imprimitivity bimodule Y^jj^{A) between the 

full crossed product A x^G X j| A'" and A x^| G/N, together with an Inf (5| — (S'*™ 
compatible coaction Sy of G. The assignment {A, 5) i— > {Yq^j^(A),5y) imple- 
ments a natural equivalence between the crossed-product functors " x G X A^" 
and " X G/N" , in the category whose objects are maximal coactions of G and 
whose morphisms are isomorphism classes of right-Hilbert bimodule coactions 
of G. 



1. Introduction 

For an action a of a locally compact group G on a C* -algebra B and a closed 
normal subgroup N of G, Green's imprimitivity theorem (as formulated, for exam- 
ple, in 4, Theorem B.5]) says that the iterated crossed product B XaG Xa\ G/N 
by the restriction of the dual coaction a is Morita-Rieffel equivalent to B Xq| N . 
Thus, a representation of i? Xq G is induced from a representation of S x^i iV if and 
only if it can be combined with a representation of Co{G/N) to make a covariant 
representation of the system {B x^ G,G/N,a\). This represents the culmination 
of roughly 50 years of imprimitivity theorems, dating back to Mackey jlU) . 

Green's theorem starts with an action, and uses a dual coaction; for symmetry 
one desires a "dual" version which starts with a coaction and uses a dual action. 
In 1991 Mansfield gave the first such result: if (5 is a reduced coaction of G on 
a G*-algebra A, and if the normal subgroup N is amenable, then A xg G Xg^ N is 
Morita-Rieffel equivalent to A Xg^ G/N . This theorem suffers from two significant 
drawbacks: the coaction is reduced, meaning it uses the reduced algebra G* (G) and 
the theory is decidedly spatial; and the subgroup N is required to be amenable, 
in order to have a surjection C*{G) C*{G/N) which vouchsafes the restricted 
coaction 6\. In we removed these drawbacks by using full coactions, meaning 
the full group algebra G* (G) is used and the theory is non-spatial; consequently we 
no longer needed N to be amenable. However, the price was that we then had to 
require our coactions to be normal (an unfortunate term meaning essentially that 
crossed product duality holds for reduced crossed products) and use the reduced 
crossed by the dual action. 

This is in some sense a ridiculous situation; the whole point of crossed products 
is to encode all the covariant representations, not just those that factor through 
the regular representation. What is of course desired is to use full crossed products 
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throughout. The first result in this vein was given in 1998 by Echterhoff, Raeburn, 
and the first author 5 : if (5 is a dual coaction, then AxsG Xs\ N is Morita-Rieffel 
equivalent to A Xs\ G/N, where all crossed products are now full. Relaxing the 
restriction that 6 be dual was partially accomplished by Echterhoff and the second 
author 6 , but only for discrete groups. The missing ingredient was a crossed 
product duality for full crossed products. With Echterhoff, we recently introduced 
maximal coactions 2 , which are by definition those for which full crossed product 
duality holds; dual coactions and discrete coactions are specific examples. The term 
maximal was chosen because every for every coaction (A, G, S) there is a maximal 
coaction 6™ on an extension A™' of A such that Xs^G = AxsG. By contrast, 
there is also a normal coaction S" on a quotient yl" of A with the same crossed 
product |14j (and in retrospect perhaps a better term for normal coactions might 
be minimal). 

In this paper we prove Mansfield's imprimitivity theorem for full crossed prod- 
ucts fTheorem 15. 3f) : for every maximal coaction {A,G,6) and any closed normal 
subgroup N of G, the full crossed product AxgG x-^^N is Morita-Rieffel equivalent 
to A x^l G/N. We also prove that this equivalence is equivariant for the appropriate 
coactions of G. As mentioned above, an important ingredient in the proof is a full 
crossed-product duality theorem for maximal coactions, which allows us to switch 
from an arbitrary maximal coaction to a dual coaction. The bimodule involved, 
which we call the Katayama bimodule, is also of interest for non-maximal coactions, 
and we investigate it in detail in Section^ 

We also fit our version of Mansfield's imprimitivity theorem into a categorical 
perspective that we, along with Echterhoff and Raeburn (31 E|, have been push- 
ing: there is a category whose objects are C*-algebras and whose morphisms are 
isomorphism classes of right-Hilbert bimodules (see Section |21 for a more detailed 
summary), and for a fixed group G there are equivariant versions of this category 
which incorporate actions and coactions of G. Crossed products are functors among 
these categories, and imprimitivity theorems express natural equivalences between 
them. The naturality theorem for full Mansfield imprimitivity is Theorem l6.6l Our 
proof exploits a curious relationship fCorollarv l6.4|l between Green's imprimitivity 
bimodule and the Katayama bimodule; naturality of those bimodules is proved in 
Sections |3 and 01 respectively. 

In Section 13 we prove that maximality is preserved under various operations: 
restriction to quotients, inflation from subgroups, decomposition, and restriction to 
invariant ideals. Besides being of obvious interest and technical utility, the results in 
this section allow us to say that the functors in the naturality-of-Mansfield theorem 
actually live completely within the category of maximal coactions. 

2. Preliminaries 

We adopt the conventions of ^ for almost everything. However, in some aspects 
our conventions are slightly different from other sources, so to avoid any confusion 
we summarize the possibly unfamiliar details here. 

2.1. Right-Hilbert bimodules. Let A and B be C*-algebras. A right-Hilbert 
A — B bimodule, sometimes denoted a^b, is a (right) Hilbert i?-module X with 
a compatible, nondegenerate, left A-action. We do not require the B-valued inner 
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product to be full, that is, the closed ideal 

Bx := {X,X)b 

of B is allowed to be proper. Compatibility of the left ^-action means that X is 
an A — B bimodulc in the usual algebraic sense, that is, {a ■ x) ■ b = a ■ {x ■ b) for 
all a G A, X G X, and b £ B. Nondegeneracy can be interpreted in two equivalent 
ways: the closed span AX coincides with X, or the associated homomorphism 
KA - A ^ M{IC{X)) is nondegenerate, where 1C{X) is the imprimitivity algebra of 
the Hilbert B-module X. 

A right-Hilbert bimodule aXb is full if it is full as a Hilbert B-module, that is, 
if Bx = B. By restricting the right-hand coefficient algebra, every right Hilbert 
A — B bimodule X may be regarded as a full right-Hilbert A — Bx bimodule. Also, 
we may regard X as a right-Hilbert JC{X) — B bimodule. 

If 0: A M{B) is a homomorphism, the closed span (j>{A)B is called a standard 
right-Hilbert A — B bimodule. If is nondegenerate, that is, if (t){A)B = B, then 
B is called a nondegenerate standard right-Hilbert bimodule. If aXb is any right- 
Hilbert bimodule, then ka makes fC{X) into a nondegenerate standard A — )C{X) 
bimodule. 

A partial A — B imprimitivity bimodule is a right-Hilbert bimodule aXb which is 
also a left Hilbert ^-module such that the inner products satisfy the compatibility 
condition 

A{x,y)z = x{y,z)B 

for all x,y,z € X. Of course, if both inner products are full then X is an im- 
primitivity bimodule in the usual sense. A right-partial imprimitivity bimodule is 
a partial imprimitivity bimodule whose left inner product is full (and similarly for 
left-partial). Every right-Hilbert A — B bimodule may be regarded as a IC{X) — Bx 
imprimitivity bimodule, or alternatively as a right-partial )C{X) — B imprimitivity 
bimodule. 

Every partial A — B imprimitivity bimodule X has a linking algebra L{X), 
which is a C*-algebra characterized by the existence of complementary projections 
p,qe M{L{X)) such that 

A = pL{X)p, B = qL{X)q, and X = pL{X)q. 

Of course, the projections p and q are full if and only if X is actually an A — B 
imprimitivity bimodule. 

The m,ultiplier bimodule of a right-Hilbert A — B bimodulc X is the space M{X) 
of maps T: B ^ X which are adjointable in the sense that there exists T* : X ^ B 
with 

{Tb,x)B =b*T*x 

for all X E X and b E B. (Such maps are automatically bounded and S-linear.) 
M{X) is a right-Hilbert M{A) — M{B) bimodule in a natural way. 

If aXb and cYd are right-Hilbert bimodules and (f): A ^ M{C) and ij): B ^ 
M{D) are homomorphisms, a (f) — t}) compatible right-Hilbert bimodule homomor- 
phism is a linear map . X ^ M{Y) such that 

$(a-x) = </)(a)-$(x), $(a;-6) = $(x)-V'(6), and {<^{x),^{z)) m(d) = z) b) 

for all a G A, x,z £ X, and b G B. $ is nondegenerate if ^{X)D = Y and the 
coefficient maps ^ and ip are nondegenerate. 
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An isomorphism of right-Hilbert A — B bimodules X and Y is linear bijection 
^: X which is an id^i— ids compatible right-Hilbert bimodnle homomorphism. 
For the homomorphism property, it suffices to check the first and third conditions 
above, since then $ automatically preserves the right B-action. 

2.2. The basic category. Our basic category C has C*-algcbras as objects, and 
the morphisms from an object A to an object B are the isomorphism classes of 
right-Hilbert A ~ B bimodules. (Wo ignore the nuisance of Mot{A, B) not being a 
set — this never causes problems in practice; more precisely, in any given situation 
of interest the choice of morphisms can be suitably restricted.) 

Given right-Hilbert bimodules aXb and bYc, the balanced tensor product X^b 
y is a right Hilbert A ~ C bimodule. The composition [Y] o [X] of the morphisms 
[X] and [Y] in the category C is the isomorphism class [X ^b^]. We often express 
the fact that a^c — aX 03 Yq by declaring that the diagram 

A >C 

B 

commutes. The identity morphism on an object A is the isomorphism class of the 
standard right-Hilbert bimodule aAa- The equivalences (that is, the invertible 
morphisms) in C are exactly the isomorphism classes of imprimitivity bimodules. 

Every morphism in C can be factored as a composition of a nondegenerate stan- 
dard morphism and a right-partial equivalence: namely, 

aXb = aIC{X) ®ic{x) ^b, 

so [aXb] = [k:(x)Xb] ° [aIC{X),c(x)]- 

2.3. Equivariant categories. Given a right-Hilbert bimodule aXb and actions 
{A, a) and {B, f3) of a locally compact group G, an a — /? compatible action on X 
is a point-norm continuous map 7 of G into the linear bijections on X such that 

js{ax) = as{a)'-fs{x) and (7,,(a;),7s(y))B = /^^((a;,^)^) 

for all s G G, a € A, and x,y G X. (The property 7s(a;6) = js{x)(is{b) for all s £ G, 
X G X, and b € B is then automatic.) 

Given another action (G, e) and a /3 — e compatible right-Hilbert bimodule action 
(Y,/?), the a — e compatible balanced tensor product action j 'E)b P on X (S)b Y is 
given by 

(7 '^B p)s(.x (g) y) = 7s (x) (g) ps{y). 

If (X, 7) and {Y, p) are a — (} compatible actions, a right-Hilbert bimodule iso- 
morphism >yis7 — p equivariant if it intertwines 7 and p, that is, if 
$ o 7s = ps o $ for all s e G. 

The category A{G) of actions of G has G*-algebra actions as objects and isomor- 
phism classes of right-Hilbert bimodule actions as morphisms. The composition is 
given by the balanced tensor product: 

[(y,p)]o[(X,7)] = [(X0Bl^,7®Bp)], 
and the identity morphism on an object {A, a) is the isomorphism class of the 
standard bimodule action (A,a)(^) Oi){A,a)- 

Turning to the dual category, we must first issue a warning: 
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Warning. We assume without further comment that all C*-coactions {A, G, 6) 
satisfy the nondegeneracy condition 

(2.1) S{A){l(g)C*{G)) = A(S)C*{G). 

It is still an open problem whether the above nondegeneracy condition is auto- 
matic, and if it should turn out that non-nondegenerate coactions exist, they will 
be of no interest in duality theory. Thus, wc feci that the nondegeneracy condition 
should be included in the definition of coaction. 

Given a right-Hilbert bimodule a^b and coactions {A, 5) and {B,e) of G, a 
5 — e com,patible coaction on X is a nondegenerate 5 ~ e compatible right-Hilbert 
bimodule homomorphism : X M(X(giC*(G)) which satisfies the nondegeneracy 
condition 

(10C*(G))C(X) = X C*{G) 

and the coaction identity 

(C «) id) o C = (id ® da) o (. 

Thus we have built nondegeneracy of both as a bimodule homomorphism and as 
a coaction, into the definition. The companion nondegeneracy condition 

C(X)(l(g) C*(G) = X (g) C*(G) 

is then automatic. 

Given another coaction (G, i?) and a e — i) compatible right-Hilbert bimodule 
coaction {Y,r]), the 5 — "& compatible balanced tensor product coaction ( 'is V on 
X <S:bY is given by 

where e : (X (g) G* (G) ) Os^c* (G) C** (G) ) ^ (X Os y ) O G* (G) is the isomor- 
phism given by 

<d{{x c) (g) (y (g) d)) = (a; (g) y) (g cd. 

If {X, Q and {Y, rj) are 5 — e compatible coactions, a right-Hilbert bimodule 
isomorphism X ^Y \s — rj equivariant if 

77 o $ = ($ (g id) o 

The category C(G) of coactions of G has G*-algebra coactions as objects and 
isomorphism classes of right-Hilbert bimodule coactions as morphisms. The com- 
position is given by the balanced tensor product: 

[(y,r7)]o[(X,C)] = [(X ®bYXU ri)l 

and the identity morphism on an object (A, 5) is the isomorphism class of the 
standard bimodule coaction (a,s){-^^^){a,5)- 

The familiar operations of forming crossed products, inflating, restricting, and 
forming decomposition actions or coactions are functors among the equivariant 
categories. 
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3. Naturality of Green's Bimodule 

Recall that for any action {B, G, a) and any closed normal subgroup N of G, 
Green's imprimitivity theorem gives a, B G x^^ G/N — B x^^ N imprimitivity 
bimodule X^{B) which is a completion of Gc{G, B) ([8]; see also 2| Appendix B]). 
There is also a a'^®" — Inf a| compatible coaction 5x{b) on X^{B) which maps 
Cc(G, B) into Cc(G, M^(B ® C*(G))) c M{X^{B) (g, C*{G)) by the formula 

SxiB)ix){t) ^x{t)®t 

01 Section 4.4]. (The superscript (3 means we require the functions to be continuous 
for the strict topology on the multipliers.) 

In this section we prove that Green's bimodule is a coaction-equivariant natural 
equivalence between certain crossed product functors. Without the equivariance, 
this was proven in j^. With equivariance, it was proven in U Theorem 4.20], 
but in the context of reduced crossed products, and there the construction was 
deduced from a more general one involving induced actions. Since we rely heavily 
on naturality of Green's bimodule for some of our main results, we feel it is best to 
give the details here. It also provides a good illustration of the techniques which 
are typical in proving naturality theorems. 

Theorem 3.1 (Naturality of Green). Let {B.a){X,^){c,0) be a right-Hilbert bimod- 
ule action of a locally compact group G, and let N be a closed normal subgroup of 
G. Then the diagram 

(B X, G xs| G/iV,a'^-) '^"^''''^''"") [B x„| iV,Inf ^|) 



{XxGxG/Nri'^"') 



(XxAfJnf 7|) 



(G xp G x^ G/nJ^^^) ; (C x,, 7V,Inf ;3|) 



commutes. 



Proof. We follow the strategy employed in both |3] and 0] : any such {X, 7) can be 
factored as a balanced tensor product of a nondegenerate standard bimodule action 
and a right-partial imprimitivity bimodule action. Once we know the commutativ- 
ity for each of these two special cases, the result follows by chaining together the 
corresponding diagrams, using functoriality of the crossed product. 

So, first assume (^,7) is of the form (G, /3), where we have a nondegenerate 
a — f3 equivariant homomorphism (p: B ^ M{C).^ The required diagram is the 
outer rectangle of the diagram 

(B X, G xs| G/iV,Sd-) ^ {B x,| ^,Inf a|) 



4>xGxG/N 



iX^{C).5x(c)) 



4>xN 



(G Xf, G X3 G/iV,/3^-) — — > (G x,| 7V,Inf /3|), 

(Xk(G),Ox(C)) 



^For this part of the proof, by |3 Lemma 4.10] it suffices to find an equivariant imprimitivity 
bimoduie homomorphism of X^{B) onto X^{C) whose coefficient maps are (f> X G y. G/N and 
rf) X N. Instead, we will talte advantage of the bimodule isomorphism already provided by 
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where the bimodule on the diagonal is defined by the lower left triangle; the coaction 
on the diagonal is compatible with the appropriate coactions precisely because 
4> X G X G/N is 5?'^°'^ — 13'^'^'^ equi variant. 

For the upper triangle, we use the right-Hilbert bimodule isomorphism ^' of 
X^{B) (8)_BxJV (C x^i N) onto X^{C) provided by For an elementary tensor 
X (g) 5 e Cc(G, S) Cc{N, C), *(.T (gig) e Cc{G, C) is defined by 

^{x®g){t)= f q}{x{tn))Ptn{g{n-'))Ain)-'/^dn. 
Jn 

To see that ^ is 5x(b) ttsxAf Inf /3| — &x(c) equivariant, compute: 
(«'®id)o(5x(i3) ttlnf^|)(a;®g)(t) 

= (* ® id) o e {5xiB) {x) ® Inf /3| (5)) (<) 
(*) = y"(<^®id)(<5x(B)(x)M)(An«>id)(lnf^|(g)(n-i))A(n)-i/2dn 

^ j {(j)® id){x{tn) tn){(3tn ® \<^){g{n^'^) n"^)A(n)"^/^ dn 

= j {(t){x{tn)) ® tn) {I3tn{g{n'^)) ® n"!) A(n)"^/2 

= j {<l>{x{tn))l3tn{g{n-^))®t)A{n)-^/^dn 

= J (?!)(a;(tn))/3t„(g(n-i))A(n)"i/2 ® t 

-'5x(c) °*(a;«'5)W■ 
The equality (*) is verified by temporarily replacing dx(B){x) and Ini /3\{g) by 
elementary tensors x' ® c e Cc{G,B) C*(G) and g' ® d € Cc{N,C) C*(G'), 
computing that 

id) o e((a;' c) (5' d)) (t) 
= (^'0id)((a;'0g')®crf)(i) 
= {^{x' ®g')®cd){t) 
= "Hix g'){t) cd 

= y (l){x'{tn))l3tn{g'{n~^))A{n)~^/^ dn®cd 
= j {(j){x'{tn))Ptnig{n-^))(E)cd)A{n)-^/^ dn 
= J ((/.(x'M)0c)(/3t„(5'(n-i))0d)A(n)-i/2jn 
= J {(j)® id) {x'{tn) 0c)(/3t„ 0id)(g'(n"^) d) A(n)"^/2 
= id)((x' c)(in))(/3t„ id)((g' d)(n-i)) A(n)-i/2 

and then appealing to density and continuity for the inductive-limit topologies. 
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The argument for the fower triangle is much easier: if 

T: Cx^Gx^i G/N ®c>^G>^G/N X'^iC) ^ X'^iC) 

is the canonical isomorphism, then for fizCxpGx^^G/N and x G X^{G) it is 
not hard to see that 

(T ® id) o (^dcc H^^g^g/^ Sxic))if ^x)^ P^'-'if) ■ Sxioi^), 

while 

SxiO ° T(/ ® x) = 5x{c){f ■ x); 
so it amounts to the fact that 5x(c) is a right-Hilbert bimodule homomorphism 
with left coefficient map fi'^^'^. 

Now assume that 7)(c./3) is a right-partial imprimitivity bimodule ac- 

tion. Let L{X) be the linking algebra of bXc- Then there is an action v on L{X) 
which compresses on the corners to the given actions on i?, X, and C. It follows 
straight from the definitions that the coaction 5x(l(X)) on the associated Green bi- 
module X'^{L{X)) compresses on the diagonal corners to 5x(b) and 5x(c)- Using 
the identification 

L{X) G xp| G/N = L{X x^ G X:^| G/N), 

we can apply the linking algebra techniques of Pl Section 4.2] to conclude that the 
desired diagram commutes, provided we can show 

{pX'^{L{X))q,pX'^{L{X))q)c>,N (1{XXN,XX N)c>cN- 

But we have 

{pCc{G,L{X))q,pC,{G,L{X))q)cxN = {C,{G,X),C,iG,X))cxN 

C {X X N,X X N)cy,N, 

which implies the desired containment since pCc{G, L{X))q is dense v[\pXx{L{X))q. 

□ 

4. The Katayama bimodule 

In this section we put no restrictions on our coaction (except that we continue 
to assume it satisfies the nondegeneracy condition of p.!!! !). and in this general- 
ity we introduce a right-Hilbert bimodule, which we call the Katayama bimodule, 
connecting the double dual coaction to the original; in the next section we restrict 
our attention to maximal coactions, and then the Katayama bimodule will be an 
imprimitivity bimodule. 

Let {A, G, S) be a coaction. Then as observed in (T^ Corollary 2.6] there is 
always a canonical surjection 

$A = (id ® A) o ,5 X (1 ® Af ) X (1 ® p) : A X5 G xj G ^ A ® IC{L^{G)), 

where A and p are the left and right regular representations of G, and M is the 
multiplication representation of Go(G), on L'^{G). When there is no danger of 
confusion we will write $ for Also we will usually write for X^(G), and K- 
for the compact operators on L^{G). 

The external bimodule tensor product A (S) is an A (E) IC — A imprimitivity 
bimodule, hence becomes a right-Hilbert A xs G x^ G — A bimodule when the left 
coefficient action is modified via More precisely: 
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Definition 4.1. For any coaction {A,G,d), the Katayama bimodule K{A) is the 
right-Hilbert A xs G G — A bimodule defined as the Hilbert A- module A(Si L'^ 
with left A XsG x j G- module action given by 

f-x = ^f)x. 

We will now show that there is a S — 6 compatible coaction 6k on K{A). First 
we recall some notation: wq is the unitary element of M{Go{G) ® C*(G)) defined 
by the canonical embedding G ^ M{G*{G)). For any C'*-algebras C and D, 
S : G D ^ £> (g) G is the flip isomorphism. We let (5 (g)* id = (id ^T,) o {6 ^ id) 
denote the "external" tensor product coaction on either the bimodule A<^ or 
the G*-algebra A^K,. Further let 

= 1 O (M (g) id)(w^) e M(A (g) /C (g) G* (G)), 

where the first M is the multiplication representation of Go(G). 

Proposition 4.2. For any coaction {A,G,6), the map 

is a 6 — 6 compatible coaction on the Katayama bimodule K{A). 

Proof. The canonical surjection <I> is (5 — Ad W o(S®,,\d) equi variant, hence Ad W o 

{5 (g)* id) is a (5 — Ad Wo (6 (Si* id) compatible coaction on the standard right-Hilbert 
bimodule axsGx -^g{A (g JC)a0k:- Moreover, W is a, {6 (g* id)-cocycle, so W{d 0* id) 
is an AdM^ o [S (g)* id) — {S g;* id) compatible coaction on Ai^fc^ ® I^a^k.- Also, 
S (g* idi2 is a {5 (g* id^:) — 6 compatible coaction on the imprimitivity bimodule 
A^jc{A® L'^)a- Combining these, we see that the balanced tensor product coaction 

AdWo{S (g* id^) U<»>c W{6 (g* idjc) U^k (<5 ®* idis) 

on X5 G xj G) (gA^iC (A (g /C) ®ai»k ^ L"^) is 5 - i5 compatible. 

To complete the proof, it suffices to show that the canonical right-Hilbert bi- 
module isomorphism 

{A (g K) ®A®K {A (g /C) ®a<»k {A (g ^2) ^ K{A) 

takes the above triple tensor product coaction to the map 5k- In other words, we 
want to show that the outer rectangle of the diagram 

X (K(A),5k) 

{AxsGx^G, 5) 




(A0L^W(<5«).id)) (yli»L-^,<5(8.id) 



{A®K,,AAWo 15 (g* id)) > {A®K,5 (g, id) 



commutes. 
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Let 'i' : {A(^ K.) ®A(g)K {A ® L'^) L'^ be the canonical isomorphism given 

by ^'(a (8) /c (g) 6 ® ^) = (a5 ® /c^) for a,b e A, k e JC, and ^ G i^. Then we have 

(g) id) o (W{S 0* id) UcsK (S ®* id)) ((a ® fc) g) (6 (g) ^)) 
= ® id) o e(VK((5 (g), id)(a g) /c) (g (5 (g» id)(5 g) C)) 
(*) =T4^((5g), id)(a(gfc)((5(g, id)(6®C) 

= l^((5(g*id)((ag)fc)(6g)^)) 
= W{S g)* id) o ^'((a g) /c) g) (6 (g ^)) 

where the equahty (*) is easily verified on elementary tensors: for a', b' € A, k' € JC, 
C G L^ and c, d e C*{G) we have 

g) id) o e((a' «) fc' g) c) «) (6' g) ^ g) d)) = (g) id)((a' g) /c') (6' g) ^) g) cd) 

= a'5' (g fc'C g) cd 
= (a'(gfc'g)c)(5'(g^(gd). 

This implies that 

Commutativity of the upper triangle is much simpler: as in the proof of Theo- 
rem l3.1l it amounts to the fact that W(S (g* id) is a right-Hilbert bimodulc homo- 
morphism on A (g L'^ with left coefhcient map Ad W o [5 id). □ 

We next show that the Katayama bimodule is a natural transformation from the 
functor " X G X G" to the identity functor. 

Theorem 4.3 (Naturality of Katayama). Let (A,S)iX,C){B.e) be a right-Hilbert 
bimodule coaction of a locally compact group G. Then the diagram 

{A xg G X J G, 5) > (A 5) 



{XX(Gx^GX) 

{B x^G xjG,?) 



commutes. 



Proof. As in the proof of Theorem 13. II we use the factorization strategy of [H] and 
15- So, first assume C) is of the form (B,e), where we have a nondegenerate 
5 — e equivariant homomorphism (jj: A M{B). (Note that we cannot appeal 
to 01 Lemma 4.10] here because the Katayama bimodules are not imprimitivity 
bimodules.) The required diagram is the outer rectangle of the diagram 

{A xs G xj G, S) > (A S) 



<pxGxG 



iB^L^,W{e(S, id)) 



(B X, G xjG,?) 



{K{B).5„^s)) 



where the bimodule on the diagonal is defined by the lower triangle; the coaction 
on the diagonal is appropriately compatible by equi variance of (/) x G x G. 
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For the upper triangle, let "if : K{A) (S^a B ^ B ® be the isomorphism given 

by -^{a ^ (X) 6) = (j){a)h ® Then 

(4- (g) id) o (dKiA) e) (a ® ^ «) b) 

= id) o e{W{S ®, id)(a » e(fe)) 
(*) = VK(id®I])((<^®id)((5(a))e(6)0C) 

= W(id(S,Y.){e{(l>{a))e{b)(g)^) 
= W{id(g>^){e{(l){a)b)(g>^) 
= W{e(E)^ id)(0(a)6(g)O 
= W{e (g)* id) o ^'(a ^ ® 6). 

The equality (*) is verified by first computing, for a' e ^, ^' G L^, b' e B, and 
c,de C*{G), that 

(^f id) o e((a' ^' ® c) (g) (6' g) d)) 
= (^i (g id)(a' g) ^' (g) 5' (g) cd) 
= (/)(a')6' g) ^' g) cd 
= iHa') g) C' c)(6' g) 1 g) d) 
= ((/) g) id g) id)(a' g) ^' g) c)(id g) E)(6' g) d g) 1), 

and then using 

(0 ® id g) id)(Ty((5 (g), id) (a (g 0) = W{(f> (g id ® id) ((id g) S)((5(a) (g ^)) 

= M^(idg)S)(((/)®id)((5(a)) 

to see that 

g) id) o Q(W{S g)* id)(o (g C) ® e(6)) 

= (0 g) id g) id)(l^((5 id)(a g) ^)) (id g) E)(e(6) g) 1) 

= Ty(id(gS)(((/)®id)((5(a)) ®^)(id® S)(e(6) ® 1) 

= W{id (g) E)(((0 g) id)((5(a)) g) 0(e(fe) «) 1)) 

= W^(id (g £)(((/) ® id)((5(a))e(6) ® 

Commutativity of the lower triangle amounts to the fact that Sk(^b) is a right- 
Hilbert bimodule homomorphism with left coefficient map 

Now assume that (^,5) (^j C)(B,e) is a right-partial imprimitivity bimodule coac- 
tion. we can apply the linking algebra techniques of 01 Section 4.2] to conclude 
that the desired diagram commutes, provided we can show 

{pK{L{X))q,pK{L{X))q)B C {X,X)b. 

But we have 

pK{L{X))q = p{L{X) g) L^)q = X ® , 

hence 

{pK{L{X))q,pK{L{X))q)B ^{X®L^,Xg, L^)b = {X, X)b, 
so we are done. □ 
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5. Full Mansfield Imprimitivity 

In this section, we prove an equivariant version of Mansfield's Imprimitivity 
Tfieorem for full crossed products and maximal coactions. Our starting point is pi 
Proposition 1.1], which provides the appropriate imprimitivity bimodule for dual 
coactions. Specifically, given an action (_B, G, a) and a closed normal subgroup N 
of G, there is a, B G G x-^^ N — B G x^^ G/N imprimitivity bimodule 

Zq^j^{B Xq G). This bimodule is a completion of Gc(G x G,B), with left action of 
Cc(N X G X G,B) and right Gc(G x G/N, i?)-valued inner product given by 

(5.1) f.z{s,t)^l f{n,r,t)ar{z{r-^s,r-^tn))ANiny^^drdn, 

J N Jg 

{z,w)BxGxG/N{s,tN) ^ / / a^-i{z{r,rtn)*w{rs,rtn))dr dn. 

J N JG 

This left action is given on generators 6 £ B, r e G, ft G Gc(G) C Go(G), and 
n ^ N hy 

(5.2) {h- z){s,t) ^bz{s,t) {r ■ z){s,t) ^ ar{z{r-'^s,r-'^t)) 
{h-z){s,t) ^h{t)z{s,t) {n-z){s,t) ^ z{sAn) A{n)^/^ . 

The next step is to define an Inf a\ — S^'"^ compatible coaction 6z on Z^^j^{B x^ 
G). A related construction appears in 4, Lemma 5.7], where it was deduced from 
13, and the context there is reduced crossed products. Thus we feel it is best to 
construct the bimodule coaction from scratch here, and this will take a little bit of 
work. 

In the following lemma, we identify Gc(G x G,B) Q G*{G) with an inductive- 
limit-dense subspace of Gc(G x G,B ® G*{G)), and hence with a dense subspace 
of the bimodule Zq^j^{{B (g) C*{G)) Xaigiid G), by identifying an elementary tensor 
z ® c with the function defined by 

{z ® c){s,t) — z{s,t) ® c. 

Lemma 5.1. The identity map on Cc{GxG, B)qG* (G) extends to an imprimitivity 
bimodule surjection 

T: (B®C-(G))xGxGxAr(2'G/A,((B ® G*(G)) X a®jd G)) ^^^p. ^^^^ ^^^g,^^ 

{BxGxGxN)(SC'iG)izS/NiB X„ G) (g) C* (G)) (^bxGxG/N)<»C'{G)- 

Proof. The right-hand coefhcient homomorphism 

^■.{B(E) G*(G)) x„«id G x^^i G/N^{Bx^G xg, G/N) ® G*(G) 

is the integrated form — {kB®id)x {kc®l)x {kc(G /n)^^) , where {kB,ka, kc{G/N)) 
are the canonical covariant maps of {B, G, Co{G/N)) into M{B Xa G Xa G/N). It 
is clear that ■0 maps generators to generators, so is a surjection. 
Similarly, the left-hand coefficient homomorphism 

^■.{B(g> G*(G)) x„^id G x^ G X ^ (S x„ G xs G Xg iV) G*(G) 

is the surjective integrated form (p = {£b ® id) x {ic (g) 1) x {ic{G) "8) 1) x {£n (g 1), 
where {Ibt^g, ^c{G)t^n) are the canonical covariant maps of (B, G, Co{G), N) into 
M(Bx„GxaGx3 A^). 
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For the bimodule map itself, a routine computation on elements of Cc{GxG, B)Q 
C*{G) shows that 

{z (g) C,W (g) d)(^B(SC'{G))xGxG/N{s,tN) = {z, w) bxGxG /N {s, tN) ® c* d, 

so we have 

'4)[{z ®C,W® d)(B®C'(G))xGy.G/N) = {z, w)bxGxG/N ^ C*d. 

Therefore the identity map on Cc(G x G,B) Q C*{G) extends to a bounded linear 
surjection T: Zg/j^HB C*{G)) x„^m G) ^ Zg/jv(S G) (g> C*{G). 

Another routine calculation (using H5.2|) ') shows that for any generator x from 
B (g) C*(G), G, Go(G), or N, the left module actions on elementary tensors satisfy 

r(a; • {z ® c)) = (j){x) ■ T{z ® c). 

Thus r is a right-Hilbert bimodule homomorphism with coefficient maps (j) and ip. 

□ 

In particular, Lemma l5.ll gives an embedding of Gc(G x G,B (E) G*(G)) in 
Zq^j^{B XaG) ® C*{G); by standard function space techniques (see for exam- 
ple 01 Appendix C]), we also get an embedding of C^G x G, M^(B (g) G*(G))) in 
M{Zq^j^{B x„ G) (8) G*(G)). Thus (as in the proof of the next proposition), we can 
use the bimodule operations from Z^^j^{{B ® G*(G)) x^^id G) in calculations with 
Gc-functions, although we regard the functions as elements of Z^^j^{B x^ G) (g) 
G*(G). 

Proposition 5.2. Let {B, G, a) be an action, and let N be a closed normal subgroup 
of G. The map 6z : G,(G xG,B)^ C^G x G, M'3(B ^ G*{G))) defined by ' 

6z{z){s,t) = z{s,t) (g) t^^s 
extends uniquely to an Inf a| — a'^'"^ compatible coaction on Zq^j^{B Xq, G). 

Proof. Since Z^^j^{B XaG) is an imprimitivity bimodule, and since the coefficient 
maps are coactions, it suffices to show that Sz satisfies the coaction identity and 
preserves the left module actions and the right inner products. For the coaction 
identity, first note that for y ® c e Gc(G x G, B) Q C*{G), we have 

{Sz (8 id){y (gc)eCc{Gx G, M''(B (g) G*(G)) G*(G)) 
C Gc(G X G,M'^{B®C*{G)(gC*{G))), 

with 

{Sz(gid){y^c){s,t) = {5z{y) ® c){s,t) 
= Sz{y){s,t) g) c 
— y{s, t) ® t~^s (g c 
= (id g) T,){y{s, t) g) c (g t~^s) 
= (idg)I])((y g)c)(s,t) g)t"^s). 

It follows from density and continuity for the inductive-limit topologies that for 
z G Gc(GxG,B), we have (fcg)id)ofc(z) e Gc(G x G, M'^(J5(gG*(G) (gG*(G))), 
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with 

{5z ® id) o 5z{z){s,t) = (id (g) ^){dziz){s, t) ® r^s) 

= (id® S)(2;(s,t) ®t~^s®t~^s) 
= z{s,t) i^t~^s®t~'^s 

= {id®5G){6z{z){s,t)) 
= [iA®5G)o5z{z){s,t). 

For the left module actions, if / G Cc{N x G x G, B) C B XaG x^G Xg| A'' and 

z e Cc{G X G, B) wc have 

(lnfS|(/).(5z(z))(s,i) 

= / / ln{^\{f){n,r,t){a®iA)r{5z{z){r-'^s,r-Hn))/^{nf/'^drdn 

JN JG 

= 11 {f{n,r,t)'^n){ar'^id)(z{r~^s,r~^tn)'Sin~^t~^s)A{ny/'^drdn 
Jn Jg 

= {f{n,r,t)iSin){ar{z{r~'^s,r~'^tn))iSin~^t~^s)A{nY/'^drdn 
Jn Jg 

= {f{n,r,t)ar{z{r~'^s,r~^tn))iSit~h)A{ny/'^drdn 
Jn Jg 

= 11 f{n,r,t)ar{z{r~'^s,r~'^tn))A{nY/'^ drdn®t~'^s 
Jn Jg 

= {f ■z){s,t)®t-^s = 5z{f ■z){s,t). 
Finally, for the inner products, ii z,w £ Gc{G x G, B) then 

(^^(^)'^^H)M((BxGxG/Ar)®C'(G)))(^'*^) 

= 11 {a®\d)r-i{6z{z){r,rtn)*5z{w){rs,rtnfjdrdn 
Jn Jg 

= f fia...^.a){zir,rtn)Mrs,rtn)^s)drdn 
Jn Jg 

= / a^-i {z{r, rtn)*w{rs, rtnj) drdw^s 
Jn Jg 

= {z,w)BxGxG/N{s,tN) igi S = a'^^" {{z, w) BxGxG/N){s,tN). □ 

Theorem 5.3 (Full Mansfield Imprimitivity). For any maximal coaction {A,G,5) 
and any closed normal subgroup N of G, there exists an 

A xsGx-^^N -Axs\ G/N 

imprimitivity bimodule Yq^j^{A) and an Inf 5| — 6'''^^ compatible coaction Sy of G 
onY^^^iA). 

We refer to Yq^j^{A) as the Mansfield bimodule. 
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Proof. Let (C, e) = {Axs G xj G,6). Then since S is maximal, K{A) is an equi- 
variant C — A imprimitivity bimodule, so the following diagram serves to define 
Y§^j^{A) and Sy: 

(5.3) (AxsG N,lnfS\) > {A x^, G/iV, 5<iac) 

(i<-(A)xG><JV,Inf5jf I) (-R'(A)xG/JV,5^«'=) 

(C X, G x,| AT, Inf ^) ) (C x,| G/AT, e^-). 

□ 



6. Naturality of the Mansfield Bimodule 

In this section we show that the Mansfield bimodule is a natural equivalence 
between the functors " x G x N" and " x G/N" , when those functors are restricted to 
Cm{G). The first step is to resolve two potential ambiguities among our bimodules. 

Proposition 6.1. For any dual coaction {A,G,5), we have 

{K{A),5K)^{ZS/a{A),6z). 

Proof. Let {B, G, a) be an action such that {BXaG,a) = {A, S), and define a linear 
map * : Gc(G, B) Gc(G) ^ Gc(G x G, B) by 

*(/®0(s,i) = /(s)eW- 

To see that ^ extends to an imprimitivity bimodule isomorphism of K{A) onto 

Z2^q{A), it suffices to show that it preserves the right inner products and the left 
module actions of the generators of -Bx^GxaGxgG. For the inner products, we 
have 

(*(/(>5C):*(,9C>5''/))i3xG(s) 

= JJ at^i{^{f ®i){t,ry^{g '»r]){ts,r)) dr dt 
= jj at-.{{f{mr))*g{ts)rt{r))drdt 
= JJ a,-.{f{tra^g{ts)rjir))drdt 
= JJ at-.{f{trg{ts))W)r}{r)drdt 

= J a,-^{f{trg{U)) dt J ^7j{r)dr 

= {r9)ism,ri)^{f,9)B.Gis){tri) 

= {{f,g)BxG{tv))is) = {f(»^,9(»V)BxGis). 

Recall that the left action on K{A) is implemented by the canonical surjection 
$ = (id (g) A) o S X (1 (g) M) X (1 (g) p); the left action of the generators on Z^,g,(A) 
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is given by (|5.2|l . Thus, if (iBjic) denotes the canonical covariant homomorphism 
of (B, G) into M{B G), for 6 e B we have 

= v|/((id®A)oS(iB(fo))(/®e))(s,i) 

= vi/((zs(6)®i)(/®e))(s,t) 

= (fe.vI/(/®^))(s,t), 

and for r G G we have 

*(r.(/®0)(s,i) 

= *((id®A)oS(zG(r))(/®0)(s,i) 

-*((*G(r)®A,)(/®e))(s,i) 

= *(*G(r)/ ® A,0(s, t) = (*G(r)/) (■s)(A,e)(i) 

= ar{f{r-\s))^{r-H) = a, (*(/ ^)(r-is, r-^t)) 

= (r-vI/(/®e))(s,i). 

Similarly, for h G Gc(G) C Go(G) we have 

= ^'(/®M;,C)(s,i) 

= h{t)f{sm = hmi.f^o{s,t) 

and for It G G (meaning the "outermost" G in iJXaGxaGxgG) we have 
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5z equivariant. Let / G Cc{G,B) C B XaG and 

{■f (g) id) {W(a ®* id)(/ (g) 0) (s, t) 

id)(u;£ • (id ® 0) (s, ^) 

{w*a ■ (* id) o (id S)(S(/) 0) (s, i) 

(1 ® w2;(t)) ((«- ® id) o (id s)(a(/) ® 0) (s, i) 
(i®ri)S(/)(s)e(t) 

(i®i-i)(/(s)®s)e(t) 

/(s)e(t)®t-^s 

^z°*(/®e)(s,i), 

where the equaUty (*) is verified by temporarily replacing a{f) by an elementary 
tensor g ^ c <E Cc{G, B) Q C*{G), computing that 

(*®id)o(id®I])(g®c0C)('S,^) = (*®id)(5(8)^®c)(s,t) 

= («'(ff®e)®c)(s,i) 
= ^'(g«'6('S>i) 
= .9(s)e(i)®c 
= (.9(s) ® c)e(i) 
= (.9®c)(s)e(t), 

and then appealing to continuity and density for the inductive-limit topologies. □ 
Corollary 6.2. For any maximal coaction {A,G,5), we have 

{y8,g{A).5y) = {K{A),5k). 

Proof. Applying naturality of Katayama fTheorem l4.3() to the Katayama bimodule 
itself gives 

K{A) xs^Gx^^G (E)AxGxG K{A) = K{A xgGx^G) (E>axGxg K{A), 

equivariantly for the appropriate coactions. Since S is maximal, K{A) is an imprim- 
itivity bimodule, so it follows that K{A) x^^ G Xj^ G is equivariantly isomorphic 

to K{A xg G Xg G). Combining this with Proposition l6.il fapplied to S) gives 

K{A) xs,- G xj^, G - zS/g{A x, G x j G), 

equivariantly for the appropriate coactions; the proposition now follows immedi- 
ately from this and the definition of YJ^^g,(A) (Diagram (|5.3I) ). □ 

We now establish a curious duality between Mansfield and Green imprimitivity. 



Finally, we show 5* is 5k 
C e Gc(G) C L^. Then 

(4'®id)o5^(/(g^)(s,i) 



(*) 
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Proposition 6.3 (Factorization of Z^y^). For any dual coaction {A, G, 5) and any 

closed normal subgroup N of G, the diagram 

- {Z°.,^{A),5z) 

{A xs G iV,Inf 51) > {A x^, G/N,S^'') 

commutes. 

Proof. Let (i?, G, a) be an action such that (B XaG,a) — {A, S). Then the desired 
diagram is the upper left triangle of the diagram 

{A x^ G xj G x^i G/7V,?doc) (xSiAxG),5.} ^ ^^Cxs,G xg, N, Inf f|) 

(K(A)xG/N,S'i?'=) {Zg,,^{BxG),S^)^^ (xf (B)xA',Inf tJ^l) 

(B x„ G xai G/iV,Sd-) -7—— ^ (i? x„| 7V,Inf a|), 

where a'''" is the a — a compatible action on X^{B) from ^ Theorem 1]. Without 
the equivariance, the lower right triangle commutes by Theorem 3.1]. Equivari- 
ance is proven in ^ Theorem 5.1], albeit in the context of reduced crossed products; 
the argument given there carries over with no significant change, since it only uses 
Gc-functions and pre-right-Hilbert bimodules. 

Next, note that the lower triangle in the special case N = G gives us 

x„G),<5x) = (X^iB) x^x G,^), 
so by equivariance and Proposition l() . 1 1 we get 

(KiA) xs^i G/N,6p^) - (X^iB) x„x G x^, G/iV,^^^^). 

Using this to replace the left-hand vertical arrow in the diagram above reduces the 
outer rectangle to naturality of Green fTheorem l3.1|l . applied to the A xg G ~ B 
imprimitivity bimodule X^{B); this finishes the proof. □ 

Corollary 6.4 (Factorization of Y^^y^). For any maximal coaction {A,G,S) and 
any closed normal subgroup N of G, the diagram 

a (Y(?,„(A).<5y,) 

(A xa-G xj| iV,Inf,5|) ■ > {A xsi G/N,S''^^) 

^^l^iAxG)^Sx)^ (K{A)y.G/N^S^^ 

[AxsG xjG x^ G/N, '5'^'"') 



commutes. 
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Proof. To simplify the notation, let (C, G, e) = {A xg G Xg G,G,5). Then the 
desired diagram is the top triangle of the diagram 



AxsG xj| N 



'G/N 



(A) 



-^Axsi G/N 



K{A)xG/N 



K{A}xGxN 



AxgG xjG G/N 

t 

K(A)xGxGxG/N 
I 

Gx.GxjGx^i G/N 

XgiCxG)^ "^^K{'C)xG/N 



K{A)xG/N 



G x^Gx^N ■ 



(C) 



-^G x,| G/N, 



which is to be interpreted as an equivariant diagram, although we have omitted 
the appropriate coactions for clarity. The bottom triangle commutes by Proposi- 
tion The outer rectangle commutes by definition of Y^^j^{A) (Diagram (IS-^fl ). 
The left quadrilateral commutes by naturality of Green (Theorem 13. applied to 
the GXgG — ylx^G imprimitivity bimodule K{A) x G. Finally, the right quadri- 
lateral commutes by naturality of Katayama fTheorem l4.3|l . applied to K{A) itself, 
together with functoriality of " x G/N" . □ 

We can use the above result to clear up another apparent ambiguity, which arises 
for dual coactions. 

Proposition 6.5. For any dual coaction (A, G, S) and any closed normal subgroup 
N of G, we have 

Proof. This is immediate from Proposition 16.31 and Corollary 16.41 since both bi- 
modules factor as 

X^iA X G) ®Ax,Gx,GxG/N {K{A) X G/N), 



equivariantly for the appropriate coactions. 



□ 



We are now ready to prove that the Mansfield bimodule is natural. We have 
factored Mansfield as a composition of Green and Katayama, each of which is 
natural, and this is what makes it work. 

Theorem 6.6 (Naturality of Mansfield) . Let (a.5){X i (b ,e) be a right-Hilbert bi- 
module eoaction of a loeally compact group G, and let N be a closed normal subgroup 
of G. If S and e are maximal, then the diagram 

- (Y^,j^{A),Sy) 

{AxsG xji N,lnf6\) > {A x^, G/7V,(5''-) 



(XxGxN,InfC\) 

{B X, G x^i A^,Inf?|) 



(Yg/n{B)M 



(XxG/W.C''") 

> {B x,| G/N,e'^'"') 
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commutes. 

Proof. The desired diagram is the outer rectangle of the diagram 



'G/Ny 



^Axsi G/N 



XxGxN 



K{A)xG/N 



AxsG XgG G/N 



XxGxGxG/N 

Bx^G x?G G/N 



xS{BxG) 



K{B)xG/N 



XxG/N 



B x,Gx7\N ■ 



^Bx,\ G/N, 



y8/N(B) 

which is again to be interpreted equivariantly for the appropriate coactions. The 
top and bottom triangles commute by factorization of YQ^jq f Corollary 16. 4|) . the 
left quadrilateral commutes by naturality of Green (Theorem lr>.l|l , and the right 
quadrilateral commutes by naturality of Katayama (Theorem 14. 3|) and functoriality 
of"xG/Af". □ 



7. Preservation of maximality 

In this section, partly as an application of the results of the preceding two, 
we show that the functors involved in the Full Mansfield Imprimitivity Theorem 
fTheorem l5.3ll can be regarded as having the category Cm{G) of maximal coactions 
of G not only for their domain, but also their codomain. This involves verifying that 
maximality of coactions is preserved under various operations; in doing so we freely 
use the facts that dual coactions are maximal, and that maximality is preserved by 
Morita-Rieffel equivalence Propositions 3.4 and 3.5]). We end the section with 
another preservation-of-maximality result which is not needed for the purpose of 
investigating the codomains of our functors, but which is of obvious interest in this 
circle of ideas. 

First recall that if (A, G, a, A^, t) is a twisted action in the sense of Green [Hj, 
then there is a natural "dual coaction" a of G/N on the twisted crossed product 

A XaN G. 



Proposition 7.1. 

{A Xa,N G, G/N, a 



Let {A, G, a, N, r) be a twisted action. 
I is maximal. 



Then the dual coaction 



Proof. By Echterhoff's version of the Stabilization Trick 1, Theorem 1], the twisted 
action of {G,N) is Morita-Rieffel equivalent to an inflated action {B,G,lni (3), 
where /3 is an action of G/N on B (and this inflated action is trivially twisted 
over N). Thus the dual coactions a and Inf /? are Morita-Rieffel equivalent, hence 

so are the corresponding coactions a and Inf /3 on the twisted crossed products. 
But the twisted crossed product B Xinip^N G is isomorphic to the ordinary crossed 
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product B Xp G/N, and Inf/3 corresponds to the dual coaction f3 under this iso- 
morphism. Consequently, a is Morita-RiefFel equivalent to /?; since /3 is maximal, 
so is a. □ 

Corollary 7.2. Let (A, G, S) be a maximal coaction, and let N be a closed normal 
subgroup ofG. Then the restricted coaction (A, G/N, S\) is also maximal. 

Proof. By maximality, 6 is Morita-Rieffel equivalent (via the Katayama bimodule 
of Proposition l4.2() to a dual coaction (B G, a); hence the restricted coactions 6\ 
and a\ are also Morita-RiefFel equivalent. By Green's Decomposition Theorem |H1 
Proposition 1], the ordinary crossed product B x^G is isomorphic to the twisted 
crossed product -Bx„|iVx„dcc jvG, and it is easy to see that, under this isomorphism, 

a| corresponds to a'^'^'^, which is maximal by Proposition l7.ll □ 

Proposition 7.3. Let {A, H, S) be a maximal coaction, where H is a closed sub- 
group of a locally compact group G. Then the inflated coaction {A, G, Inf S) is also 
maximal. 

Proof. By maximality, S is Morita-Rieffel equivalent (via the Katayama bimodule 
of Proposition 14.2(1 to a dual coaction {B Xa H,a); hence the inflated coactions 
Inf (5 and Inf a of G are also Morita-RiefFel equivalent. By Green's Imprimitivity 
Theorem for induced algebras |51 Theorem 17], B Xa H is Morita-Rieffel equivalent 
to the crossed product Ind^ A Xinda G by the induced action, and it is easy to see 
that the inflated coaction Inf a corresponds to the dual coaction Ind a under this 
isomorphism. □ 

Proposition 7.4. Let {A, G, 5) he a maximal coaction, and let N he a closed nor- 
mal subgroup of G. Then the decomposition coaction {A Xs\ G / N , G , 5'^^'^) is also 
maximal. 

Proof. By maximality, S'^'^'^ is Morita-Rieffel equivalent (via the Mansfield bimodule 
of Theorem 15. 3|l to Inf 6\, which is maximal by Proposition 17.31 □ 

Let {B, G, e) be a coaction. A (closed two-sided) ideal J of S is invariant under 
e in the sense of jJS] if 



e(J)(l ® C*(G)) = J(»C*(G); 

Nilsen has shown [131 Proposition 2.1] that when this is the case, the restriction e|j 
is a coaction of G on J. 

Proposition 7.5. Let (B,G,e) is a maximal coaction, and let J he an ideal of B 
which is invariant under e in the above sense. Then the restriction (J, G, e|j) is 
also maximal. 

Proof. Let (tt,/^) be the canonical covariant homomorphism of [B ,Gq{G)) into 
M{B Xe G); then by ^| Proposition 2.1], tt\j x /i is an isomorphism of J x^\j G 
onto an ideal of -B Xe G.^ Identifying J x^\j G with its image in _B x^ G, it is 
easy to see that this ideal is invariant under the dual action e. Thus by 8 , Propo- 
sition 12], the double crossed product J Xgjj G xj G can be identified with an 



^There is a subtlety concerning how to make an "official" covariant homomorphism out of 
(7r|j,/i), but Nilsen shows that this causes no problem. 
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ideal of B G G. But subject to these identifications, the canonical sur- 
jection $j: J x^\j G G J ® JC is just the restriction of the isomorphism 
f^B'- B x^G x-^G ^ B ®K, and hence is 1-1. □ 

Associated to a right-Hilbert bimodule coaction C)(B,e)i there can be as 

many as three other C*-coactions: first, there is a coaction /x on the imprimitivity 
algebra 1Cb{X) such that C, \s ^ — e compatible, by 0] Proposition 2.30]; second, 
there is a coaction v on the linking algebra L{X) which compresses on the corners 
to and e, by jH Lemma 2.22]; third, the closed span Bx = {X,X)b is an 

e-invariant ideal of B, and the restriction of e to Bx is a coaction on Bx such 
that ( is n — d compatible, by 0] Lemma 2.32]. 

Corollary 7.6. With notation as above, if the coaction (_B, G, e) is maximal, then 
so are (/Cb(X), G, /i), {L{X),G,iy), and (Bx,G,i?). 

Proof. Since fi, v, and d are all Morita-Rieffel equivalent, it suffices to show that d 
is maximal; but this is immediate from Proposition □ 

References 

[1] S. EchtcrhofF, Morita equivalent twisted actions and a new version of the Packer- Raeburn 
stabilization trick, J. London Math. Soc. 50 (1994), 170-186. 

[2] S. EchterhofT, S. Kaliszewski, and J. Quigg, Maximal coactions, Internat. J. Math, (to ap- 
pear). 

[3] S. EchterhofT, S. Kahszewski, J. Quigg, and I. Raeburn, Naturality and induced representa- 
tions, Bull. Austral. Math. Soc. 61 (2000), 415-438. 

[4] , A Categorical Approach to Imprimitivity Theorems for C*-Dynamical Systems, 

preprint, 2002. 

[5] S. EchterhofT, S. Kaliszewski, and I. Raeburn, Crossed products by dual coactions of groups 

and homogeneous spaces, J. Operator Theory 39 (1998), 151-176. 
[6] S. EchterhofT and J. Quigg, Full duality for coactions of discrete groups, Math. Scand. 90 

(2002), 267-288. 

[7] S. EchterhofT and I. Raeburn, The stabilisation trick for coactions, J. reine angew. Math. 
470 (1996), 181-215. 

[8] P. Green, The local structure of twisted covariance algebras, Acta Math. 140 (1978), 191—250. 
[9] S. Kaliszewski and J. Quigg, Imprimitivity for C* -coactions of non- amenable groups. Math. 
Proc. Cambridge Philos. Soc. 123 (1998), 101-118. 
[10] G. W. Mackey, Imprimitivity for representations of locally compact groups. I, Proc. Natl. 

Acad. Sci. USA 35 (1949), 537-545. 
[11] K. Mansfield, Induced representations of crossed products by coactions, J. Funct. Anal. 97 
(1991), 112-161. 

[12] M. Nilsen, Duality for full crossed products of C* -algebras by non-amenable groups, Proc. 

Amer. Math. Soc. 126 (1998), 2969-2978. 
[13] , Full crossed products by coactions, C'o{X)-algebras and C* -bundles. Bull. London 

Math. Soc. 31 (1999), 556-568. 
[14] J. Quigg, Full and reduced C* -coactions, Math. Proc. Cambridge Philos. Soc. 116 (1994), 

435-450. 

Department of Mathematics and Statistics, Arizona State University, Tempe, Ari- 
zona 85287 

E-mail address: kaliszewskiaasu.edu 

E-mail address: quiggSmath . asu . edu 



